Programmable Logic Controller (PLC) has been widely used in the industrial control. Inherently, the PLCbased system is a class of Hybrid Dynamical System (HDS) in which continuous state of the plant is controlled by the discrete logic-based controller. This paper firstly presents the formal algebraic model of the PLC-based control systems which enable the designer to formulate the various kinds of optimization problem. Secondly, the optimization problem of the 'sensor parameters', such as the location of the limit switch in the material handling system, the threshold temperature of the thermostat in the temperature control system, is addressed. We formulate this problem as Mixed Logical Dynamical Systems (MLDS) form which enables us to optimize the sensor parameters by applying the Mixed Integer Programming. key words: Programmable Logic Controller, sensor parameter optimization, mixed integer programming
Introduction
Programmable Logic Controller (PLC) has been widely used in the industrial control as the controller for the manufacturing system, process control, and so on. This class of control system, in comparison with the standard continuous valued control system, is characterized by its use of low-resolution (typically ON/OFF) actuators and sensors. In fact, due to its low cost, PLC-based system has much higher demand than the continuous valued control system. Although several languages for the PLC have been developed, the Sequential Function Chart (SFC) is one of the most promising language thanks to its graphical representation. The SFC can visually represent the precedence relationship among actions.
Inherently, the PLC-based system is a class of Hybrid Dynamical System (HDS) in which continuous state of the plant is controlled by the discrete logicbased controller [1] . In [2] [3], the authors have addressed the design problem for the PLC-based system that meets the requirements for the continuous state of the plant by introducing the estimation mechanism of the continuous state. Although the control performance can be improved by this approach, the discrete logical (especially sequential) behavior of the PLC has not been fully incorporated in this framework. This paper firstly presents the formal algebraic model of the PLC-based control systems which enable the designer to formulate the various kinds of optimization problem. The proposed model unifies the discrete logical behavior of the SFC and the continuous behavior of the plant harmoniously.
Secondly, the optimization problem of the 'sensor parameters', such as the location of the limit switch in the material handling system, the threshold temperature of the thermostat in the temperature control system, is addressed. In spite of its importance, the systematic design method for such sensor parameters has not been established yet. We formulate this problem by extending the proposed algebraic form with regarding the sensor parameters as 'constant states', and by transforming the extended model into the Mixed Logical Dynamical Systems (MLDS) form [4] . This formulation enables us to optimize the sensor parameters by mathematical programming.
For solving this optimization problem, the information about the SFC can be exploited. In this paper, an effective solving method that exploits the information about the initial logical state and the structure of the SFC is addressed. This paper is organized as follows: The algebraic model of the SFC and the closed loop behavior is described in Section 2. In section 3, we extend the developed algebraic form so as to handle the sensor parameter optimization, and transform it into MLDS form. In Section 4, proposed method is applied to an illustrative numerical example, and its usefulness is demonstrated. In Section 5, an effective solver that utilizes the information about the SFC is addressed, and further extentions are also addressed in Section 6. Figure 1 shows the general form of the control system driven by the PLC. Continuous signal and discrete (binary) symbol are represented by the solid and dashed lines, respectively. Control system consists of plant, sensors, actuators, and the PLC. Behavior of the system is described as follows. Binary sensors observe the continuous output of the plant. If the output satisfies a certain condition, the sensor turns ON. The PLC receives these sensor value and decides the binary control signal according to the implemented control logic. The binary control signal determines activation/inactivation of actuators, and the actuators drive continuous state of the plant. In the following subsections, each component of the system is described formally.
Formal Algebraic Model of PLC Based Control System
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Programmable Logic Controller
PLC is a controller of which inputs and outputs are specified by the binary logical signal. Although there are several programming languages for PLC, SFC is the most promising one thanks to its graphical representation. SFC is a programming language that originates in Petri net [5] . It is well suited for the description of the sequential, parallel and concurrent algorithms. In this paper, the control logic implemented on the PLC is supposed to be described by the SFC. Figure 2 shows an example of SFC. SFC consists of two types of nodes that are steps (depicted by rectangular) and transitions (bold horizontal bar). Steps represent the logical state of the controller, and transitions represent events that switch the logical state. Actions (ellipse), which are associated with each step, represent the executed operation at each step. At the beginning of control, only the initial step (double rectangular) is active. If the firing condition associated with the transition turns ON, then the state of the SFC switches to the next state. Moreover, SFC can describe the parallel path divergence (double horizontal bar) and the single path divergence (single horizontal bar).
SFC is formally defined by
denote the set of steps and transitions, respectively.
is the set of arcs which represents the connection between steps and transitions. Input/output set of transitions is defined as follows.
• tr = {st| (st, tr) ∈ E} , tr
Input/output set of steps is similarly defined. Parallel path divergence Single path divergence
Fig. 2 Example of SFC
SFC, then the vector
is called logical state vector or marking vector . X 0 denotes the initial logical state vector. Usually,
NU ×NS is the matrix which converts the logical state to the binary control signal U , i.e. U = C C X. F c = {f c 1 , · · · , fc NT } denotes the set of firing conditions. Firing condition f c i is associated with tr i , and it decides whether the corresponding transition can be activated or inactive. f c i :
The evolution of the logical state X is defined by the following state equation.
where U C must satisfy the following condition.
NS×NT is called incident matrix, and
is a logical input of this state equation, and represents the firing of the corresponding transition.
Plant Driven by Binary Actuators
In PLC based systems, binary actuators are equipped to the controlled plant, and their switching drives the continuous state of the plant. In this paper, the controlled plant with binary actuators is modeled as the following difference equation.
In (7), x p ∈ nx and y p ∈ ny are the realvalued state and output of the plant, respectively.
, B and C are suitably defined matrices, and k is a sampling index.
T ∈ {0, 1} NU represents the ON/OFF of actuators, and N U denotes the number of actuators. Note that i-th column vector of B represents the physical characteristics of i-th actuator. The binary actuator vector determines the system matrix A i . R Ui and T Ui are suitably defined matrix and vector, and they determine which system matrix is valid for each U (k). (In the following, inequality between two vectors is defined componentwisely.)
Sensors
Plant output is observed by binary sensors. Y i ∈ {0, 1} denotes the binary sensor and 
R i and T i are suitably defined matrix and vector that represents the characteristics of the i-th sensor. These matrices include 'sensor parameters' which specify the activation of the sensors.
T be the position and velocity, y p (k) be the position (i.e., y p (k) = x 1 (k)) and Y 1 be the limit switch. This switch turns ON when α − ε ≤ y p (k) ≤ α + ε (ε is the sensor precision). The property of this sensor can be represented by the following vector form.
In this case, α is the sensor parameter which represents the location of the limit switch.
Note that the similar argument follows even if the prameters apper in additive form in the output. Let C α and α be a constant matrix and parameters, respectively. In this case, (7) and (8) becomes as follows.
We can redifine T i as T i −R i C α α, thus the discussions are basically based on the form of (7) in the following.
Optimization of Sensor Parameter
Since the control performance of PLC based systems depends not only on the control logic but also on the sensor parameters such as location of the sensor in the material handling system, threshold temperature in the thermostat, the design of the optimal sensor parameter is an important problem. These parameters usually appear in T i in (8). In this section, the systematic method to optimize the sensor parameters is described. One of the main idea is that some of parameters can be regarded as constant state variables if parameters appear only in vector T i . In this case, by simply augmenting the state variables,
T (α: sensor parameter vectors), the modified condition which is equivalent to (8) can be obtained as follows.
Example 2: The parameter α in Example 1 can be regarded as the state variable as follows.
Once the sensor parameters are set, they usually keep being same during the operation of the PLC. Thus newly introduced 'state variables' α are forced to be unchanged. This condition is represented by α(k+1) = α(k), and it must be included in the model.
From the discussions in the previous subsections, closed loop behavior can be described by the following state equation.
NS is a augmented hybrid state of the closed loop system. Matrices R UC i and T UC i that decide the firing condition of transitions can be directly derived from (6).
MLD Representation of Closed Loop System
In order to design the optimal sensor parameters, consider the following optimization problem: "Given an initial state of the plant and the controller, find the parameters which minimizes a suitably defined performance index subject to (14) ." This problem, however, can not be solved in the present form. In order to handle this problem, Mixed Logical Dynamical Systems (MLDS) [4] form is introduced.
Note that, in this problem, only an initial state of the plant and controller (i.e., logical state of the controller) is given. On the other hand, an initial value of parameters is not given in advance and should be optimized. This constraint on the initial state is described as x p (0) = x p,ini , X(0) = X ini and α m ≤ α(0) ≤ α M , where x p,ini and X ini are the given initial states. α m and α M are the minimum and maximum values of parameters, respectively. This condition should be included in MLDS representation. The resultant MLDS is given in the following.
(15) where δ ∈ {0, 1} n δ is the binary auxiliary variable that is introduced to transfer the logical condition (→, ← and ↔) into algebraic inequality. z ∈ nz is the continuous auxiliary variable which is introduced along with δ. The subscript of each matrix is followed by the definition in [4] . In (15), first three inequalities represent the system dynamics including logical behavior, the output function and the constraint on the system, respectively. The last inequality is an alternative representation of the constraint on initial condition.
From the discussions above, the sensor parameter design problem can be formulated as follows: Note that the performance index can be modified according to the objective of the control. For example, if we want to minimize a chattering of the input, then a term U (k) − U (k − 1) Q cen be added to (16).
Problem 1: (Sensor parameter design problem) Given an initial state of the plant x p,ini , an initial state of the logical controller X ini and a final time k f , find (if they exist) the parameters α which minimizes the performance index
J (α, x p,ini , X ini ) = k=k f k=0 δ(k) U C (k) − δ f U C,f Q2 + z(k) − z f Q3 + x(k) −x f Q4(16
Numerical Example
Line Following Control of Two Wheeled Vehicle
In this section, the usefulness of the proposed method is demonstrated through a numerical example. Consider the line following control of two-wheeled vehicle (Fig. 3) controlled by the SFC (Fig. 4) . This vehicle is equipped with the binary actuators U 1 and U 2 , and the binary sensors Y 1 and Y 2 . The actuators U 1 and U 2 commands "turn right" and "turn left", respectively by specifying the angular velocity of each wheel. The sensors Y 1 and Y 2 are equipped on both sides of the center of the vehicle, and located at a distance α from the center. The sensors are ON iff they are on the line. The control logic shown by Fig. 4 can be simply explained as follows: "if one sensor is out of the line, then turn in the reverse direction." The vehicle follows the line according to this control logic. Since the sensor position α affects to the trajectory of the vehicle and control performance, it must be designed properly. Proposed method is applied to find the optimal sensor position. Table 1 . Table 1 also shows the value of each parameters which are used in this example. The algebraic model can be expressed as follows:
Plant with binary actuators For this system, we find the optimal α by minimizing the following performance index J,
Constraints for initial states
where k f is the final time. The first term (22) represents the tracking performance (Q is a weight matrix for normalization). The second term is added to prevent the vehicle from vibrating caused by too many switching of the control input. λ is the weight to balance the switching of the control input and the tracking performance. Table 2 shows the optimization result with k f = 30. The computation times are for a standard Pentium IV PC. Figure 5 shows the trajectories of the sensors and the vehicle with α = 0.0283, which is the optimal solution for k f = 30. From Table 2 , the optimization results vary with respect to λ. The larger λ is, the switching are suppressed due to the second term of (22). From this result, we can see that we can adjust the tracking and switching by choosing λ. This result shows that proposed method can design the optimal sensor parameter, and its usefulness has been demonstrated. 
Optimization Result
Effective solver that exploits the information about the SFC
Problem 1 can be handled as a mixed 0-1 liner (or quadratic, depending on the choice of the performance index) programming problem. Branch-andbound method is known as the successful solver for the mixed 0-1 programming. Although this technique has proven to be reasonably efficient on several practical problems, the computational amount may grow exponentially with the problem size. In order to overcome this problem, an effective solver that exploits the information about the logical structure in the SFC is described below. First of all, let us summarize general branch-andbound method for mixed 0-1 programming. In this method, the original problem is relaxed by replacing the binary constraints with inequality constraints at the beginning. Then, this relaxed problem is divided into smaller subproblems by fixing the value of one of the binary variables 0 or 1 (branching). By iterating this branching procedure, a tree of subproblems is constructed successively. If a subproblem is found not to include the optimal solution for the original problem, then no subproblem is made further (bounding).
Proposed method utilizes the information about the initial logical state X(0) and the structure of the SFC D. The logical input U C (k) is determined by (6) . Consider a relaxed condition of (6) as follows.
This equation shows that tr i is enabled (i.e., U Ci = 0 or 1) if the logical state X satisfies right hand side of (23). In other words, tr i can never be fired until this condition is satisfied. Considering this property, set of all feasible values of U C (k) depends on X(k). This fact can be incorporated into branch-and-bound algorithm. At the root node of the search tree, make some subproblems taking into account the feasible values of U C (0) at the initial state X(0). For each subproblem, X(1) can be calculated using corresponding U C (0). Similarly, X(k + 1) can be calculated using X(k) and U C (k). Thus, the more number of binary variables are fixed at each split of the subproblem. This modified branching procedure is executed recursively.
In the conventional method, the estimated depth of the tree becomes k f N T , which is required to fix all U C (k). On the contrary, in the proposed method, the size of the subproblem decreases much faster, then the estimated depth of the tree becomes k f in the worst case. Moreover, in general, the number of feasible U C is much smaller than that of all possible combination 2 N T . This idea can reduce the size of search tree and derive the optimal solution with less computational effort.
Extensions to other optimization
In this section, we discuss further extensions of the proposed optimization framework in the PLC system.
Timers are commonly used in PLC to introduce time delay of actions. Optimal delay can be obtained by the proposed framework with a little modification: New state variables which count up the delay time are introduced, and the timer value of the counting up is considered as a parameter to be optimized.
The proposed method can also be extended to the case where we need to select an input level from several values (i.e., an actuator can take various values of input, not only ON/OFF). In this case, steps, actions and transitions for each input level are connected by a single path divergence. Here, a new parameter α sel which is used only for the selection is introduced. This parameter determines which transition is fired and which level is selected. Optimal input level can be obtained by optimizing the new parameter and system behavior simultaneously. Figure 6 shows an example. In this figure, actuator U 1 can take three levels, then the three steps, actions and transitions are connected by a single path divergence. Suppose that each sensor is activated by the following condition.
In this case, Y 1,i = 1 implies U 1,i = 1, thus the input level is determined by the parameter α sel . Since the parameter α sel can be optimized as the other parameters, optimal input level can be obtained in this framework.
The addressed problem in this paper can be regarded as one special class of the design problem of the 'guard condition' in the Hybrid Automata (HA) [7] . The generalization to the design of the guard condition in the HA is straightforward.
Conclusion
In this paper, we have developed the formal algebraic model of the PLC-based control systems which enable the designer to formulate the various kinds of optimization problem. The proposed model unifies the discrete logical behavior of the SFC and the continuous behavior of the plant harmoniously. Based on the developed model, we have addressed the optimization problem of the 'sensor parameters', such as the location of the limit switch in the material handling system, the threshold temperature of the thermostat in the temperature control system. This optimization problem has been formulated by extending the proposed algebraic form with regarding the sensor parameters as 'constant states', and by transforming the extended model into the Mixed Logical Dynamical Systems (MLDS) form. Moreover, effective solver for this problem has also been developed. The numerical example has shown the usefulness of our idea.
